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ON THE DISTRIBUTION OF THE SUM OF 
INDEPENDENT DOUBLY TRUNCATED GAMMA VARIABLES' 
D .  E a r l  Lavende r  
George C .  M a r s h a l l  S p a c e  F l i g h t  C e n t e r  
H u n t s v i l l e ,  Alabama 
ABSTRACT 
The d e n s i t y  a n d  d i s t r i b u t i o n  f u n c t i o n s  of t h e  s u m  of 
N i n d e p e n d e n t  doub ly  t r u n c a t e d  Gamma v a r i a b l e s  is  d e r i v e d  
for t h e  case where t h e  parameter o( i s  one  and  N i s  any  
p o s i t i v e  i n t e g e r  and  f o r  t h e  cases where  N = 2 or N = 3 
a n d  o( is any p o s i t i v e  i n t e g e r .  
T a b l e s  of c r i t i c a l  v a l u e s  f o r  t h e s e  d i s t r i b u t i o n s  are  
g i v e n  as f u n c t i o n s  of t h e  t r u n c a t i o n  p o i n t s ,  a n d  a compar i -  
s o n  is  made between t h e s e  c r i t i c a l  v a l u e s  a n d  t h e  es t imated 
c r i t i c a l  v a l u e s  g i v e n  by P e a r s o n ' s  6 ,  a n d  B 2  t a b l e s .  
'The r e s e a r c h  r e p o r t e d  i n  t h i s  paper was s u b m i t t e d  as  a 
Ph.D. d i s s e r t a t i o n  directed by D r .  A .  C .  Cohen a t  t h e  
U n i v e r s i t y  of G e o r g i a ,  A t h e n s ,  Georgia.  T h i s  r e s e a r c h  w a s  
p e r f o r m e d  u n d e r  NASA C o n t r a c t  NASS-11175 w i t h  t h e  Aerospace 
Envi ronment  O f f i c e ,  Aero-Ast rodynamics  L a b o r a t o r y ,  M a r s h a l l  
S p a c e  F l i g h t  C e n t e r ,  H u n t s v i l l e ,  Alabama. 
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ON THE DISTRIBUTION OF THE SUM OF 
INDEPENDENT DOUBLY TRUNCATED GAMMA VARIABLES 
SUMMARY 
When p e r f o r m i n g  tests of h y p o t h e s e s ,  t h e  e x p e r i m e n t e r  
u s u a l l y  a s sumes  t h a t  t h e  poss ib le  r a n g e  o f  t h e  measu remen t s  
a p p l i e d  t o  h i s  o b s e r v a t i o n s  is u n l i m i t e d .  A c t u a l l y  t h i s  is  
seldom t h e  case due  t o  p h y s i c a l  l i m i t a t i o n s  o f  m e a s u r i n g  
d e v i c e s ,  or p h y s i c a l  r e s t r i c t i o n s  on  t h e  e l e m e n t s  o f  a 
p o p u l a t i o n .  
To  make a l l o w a n c e  f o r  t h e s e  r e s t r i c t i o n s ,  w e  may assume 
s a m p l i n g  f rom a p o p u l a t i o n  w i t h  a t r u n c a t e d  d i s t r i b u t i o n .  
I n  many cases,  t h e  test s t a t i s t i c  u s e d  i n  a t e s t  o f  
h y p o t h e s i s  i s  some f u n c t i o n  of t h e  sum o f  t h e  m e a s u r e m e n t s  
o b t a i n e d  i n  a random s a m p l e .  
The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  t h e  sum o f  N 
i n d e p e n d e n t  v a r i a b l e s ,  e a c h  h a v i n g  a Gamma d e n s i t y  f u n c t i o n  
w i t h  p a r a m e t e r  O( is known to be  a Gamma d e n s i t y  f u n c t i o n  
w i t h  p a r a m e t e r  n q ,  Cramer [ I l l  . T h i s ,  however ,  is n o t  t h e  
case i f  e a c h  of t h e  v a r i a b l e s  h a s  a t r u n c a t e d  Gamma d e n s i t y  
f u n c t i o n .  
I n  t h i s  p a p e r ,  t h e  d e n s i t y  a n d  d i s t r i b u t i o n  f u n c t i o n s  
o f  t h e  sum o f  n i n d e p e n d e n t  v a r i a b l e s ,  e a c h  h a v i n g  a 
t r u n c a t e d  Gamma d e n s i t y  f u n c t i o n ,  is  d e r i v e d  f o r  t h e  case 
w h e r e  t h e  p a r a m e t e r  e# is one a n d  n is any  p o s i t i v e  
i n t e g e r  a n d  f o r  t h e  cases where n = 2 or n = 3 and  4 
is any  p o s i t i v e  i n t e g e r .  
I .  INTRODUCTION 
The Gamma d i s t r i b u t i o n  s e r v e s  as  a model f o r  d e s c r i b i n g  
many of t h e  random v a r i a b l e s  which  c o n c e r n  a e r o s p a c e  s c i e n -  
t ists .  I n  p a r t i c u l a r ,  wind  v e l o c i t i e s  a n d  measu remen t s  o f  
v a r i o u s  p h y s i c a l  c h a r a c t e r i s t i c s  o f  space v e h i c l e  componen t s  
confo rm t o  t h i s  d i s t r i b u t i o n .  
Q u i t e  o f t e n ,  r e s t r i c t i o n s  wh ich  a p p l y  t o  t h e  o b s e r v a t i o n  
of s a m p l e  d a t a  f r o m  t h e s e  d i s t r i b u t i o n s ,  i n  e f f e c t  p r o d u c e  
a t r u n c a t i o n  wh ich  must  be t a k e n  i n t o  a c c o u n t  i n  e s t i m a t i n g  
p a r a m e t e r s  a n d  i n  t e s t i n g  h y p o t h e s e s  b a s e d  on  s u c h  s a m p l e s .  
E s t i m a t i o n  i n  t h e  t r u n c a t e d  Gamma d i s t r i b u t i o n  a n d  i n  
s p e c i a l  cases of t h e  Gamma d i s t r i b u t i o n  h a s  been  dea l t  w i t h  
by v a r i o u s  a u t h o r s  i n c l u d i n g  Cohen [ 4 ,  5 ,  6 ,  7 ,  8 ,  9 ,  l o ] ,  
D e s  R a j  [ 1 6 ] ,  I y e r  [13] ,  E p s t e i n  [ 1 2 ] ,  a n d  S a r h a n  a n d  
G r e e n b e r g  [ 171. 
Aggarwal a n d  Guttman [l, 21,  a n d  W i l l i a m s  [18] h a v e  
examined  t h e  loss  of power when u s i n g  tests b a s e d  on t h e  
a s s u m p t i o n  t h a t  t h e  v a r i a b l e  b e i n g  s a m p l e d  h a s  a c o m p l e t e  
no rma l  d i s t r i b u t i o n  when, i n  f a c t ,  t h e  d i s t r i b u t i o n  w a s  a 
t r u n c a t e d  n o r m a l  d i s t r i b u t i o n .  
I n  t h i s  p a p e r  w e  are  c o n c e r n e d  w i t h  h y p o t h e s i s  t e s t i n g  
and  i n  p a r t i c u l a r  w i t h  t h e  d i s t r i b u t i o n  o f  sums of s a m p l e  
o b s e r v a t i o n s  f rom a d o u b l y  t r u n c a t e d  Gamma d i s t r i b u t i o n .  
The  d i s t r i b u t i o n  o f  t h e  sum o f  N i n d e p e n d e n t  Gamma 
v a r i a b l e s  w i t h  p a r a m e t e r  a( is known t o  be  a Gamma d i s t r i -  
b u t i o n  w i t h  parameter Nq, C r a m e r  [ l l ] .  However ,  i f  t h e  
v a r i a b l e s  h a v e  a t r u n c a t e d ,  r a t h e r  t h a n  a c o m p l e t e ,  Gamma 
d i s t r i b u t i o n  t h i s  is  n o t  t h e  case .  
I n  t h i s  p a p e r  t h e  d i s t r i b u t i o n  of t h e  sum of i n d e p e n d e n t  
doub ly  t r u n c a t e d  Gamma v a r i a b l e s  is d e r i v e d  f o r  t h e  case 
where t h e  p a r a m e t e r  is  o n e  a n d  t h e  s a m p l e  is of any s i z e  N ,  
and  f o r  t h e  cases where  t h e  s a m p l e  is of s i z e  N = 2 or 
N = 3 and t h e  p a r a m e t e r  ot is any p o s i t i v e  i n t e g e r .  
T a b l e s  of c r i t i c a l  v a l u e s  f o r  t h e s e  d i s t r i b u t i o n s  are 
g i v e n  a s  f u n c t i o n s  of t h e  t r u n c a t i o n  p o i n t s ,  a a n d  b ,  
wh ich  were se lec ted  so t h a t  a p p r o x i m a t l y  1%, 2%, 3%, a n d  4% 
w a s  t r u n c a t e d  f r o m  t h e  l e f t  a n d  r i g h t  t a i l s  r e s p e c t i v e l y .  
T a b l e s  of t h e  m e a n  M ,  t h e  s t a n d a r d  d e r i v a t i o n  w , a n d  
2 
. P e a r s o n ' s  n a n d  P 2  v a l u e s ,  K e n d a l l  [ 1 4 ] ,  are  a l s o  
g i v e n  f o r  selected v a l u e s  of N a n d  d. . 
When t h e  estimated c r i t i c a l  v a l u e s  g i v e n  by f i  and  
13 t a b l e s ,  Beye r  [ 3 ] ,  were compared  w i t h  t h e  a c t u a i  
c r i t i c a l  v a l u e s  f o r  t h e  d i s t r i b u t i o n s  u h i c h  are d e r i v e d  i n  
t h i s  p a p e r ,  t h e  ag reemen t  was f o u n d  t o  be q u i t e  c lose.  
A f t e r  r o u n d i n g  t o  o n e  decimal p l a c e ,  none  d i f f e r e d  by more 
t h a n  o n e - t e n t h .  
2 
Hence f o r  l a r g e r  v a l u e s  o f  N i t  i s  f e l t  t h a t  t h e  
es t imated c r i t i c a l  v a l u e s  g i v e n  by /3 a n d  f i 2  c a n  be  
u s e d  c o n f i d e n t l y  . 
11. DENSITY AND DISTRIBUTION FUNCTIONS 
The  d i s t r i b u t i o n  f u n c t i o n  and  d e n s i t y  f u n c t i o n  o f  t h e  
Gamma d i s t r i b u t i o n  are def ined by 
X 
2 . 1  G ( x ; a J )  = t4-1e-tdt where  @ > 0 ,  a n d  
r e s p e c t i v e l y  , where  
More generally 
d e f i n e d  by 
t h e  s u b s t i t u t i o n  z 
by 2 . 1 .  
T a b l e s  f o r  t h e  
t h e  Gamma d i s t r i b u t i o n  i s  sometimes 
X 
t"(-le-t'fl d t .  However, i f  w e  make I, 
= x/b , t h e n  G ( z ; q )  is a s  d e f i n e d  
Gamma d i s t r i b u t i o n  f u n c t i o n  a s  d e f i n e d  
by 2 . 1  have  been  p r o v i d e d  by P e a r s o n  [15] .  
When t h e  d i s t r i b u t i o n  i s  t r u n c a t e d  o n  t h e  l e f t  a t  a 
a n d  o n  t h e  r i g h t  a t  b ,  t h e  d e n s i t y  f u n c t i o n  and  d i s t r i b u -  
t i o n  f u n c t i o n s  are d e f i n e d  by 
1 - 0  o t h e r w i s e  
3 
dx  = G ( b ; o ( )  - G ( a ; d ) .  
W e  w i l l  now c o n s i d e r  some s p e c i a l  cases of  t h e  Gamma 
d i s t r i b u t i o n .  
The d e n s i t y  f u n c t i o n  f o r  t h e  P e a r s o n  Type I11 d i s t r i b u -  
t i o n  is  d e f i n e d  by 
I f  w e  make t h e  s u b s t i t u t i o n  O( = a n d  
49 
3 
, O < Z < @ .  x-u 1 4-1 e-z z =4(- + l), t h e n  g ( z )  = m  z CJa 
The d e n s i t y  f u n c t i o n  f o r  t h e  C h i - s q u a r e  d i s t r i b u t i o n  i s  
d e f i n e d  by 
2 . 6  g ( x  ) = 2 
2 r /2  - e-x 12, r > 0, o < x ( O D : .  (x  1 2 1 
2 r I f  we make t h e  s u b s t i t u t i o n s  z =‘T a n d  d = z, 
, o < z < - .  1 z4-1 e - ~  t h e n  g ( z >  = pm 
The d e n s i t y  f u n c t i o n  for t h e  s t a n d a r d  no rma l  d i s t r i b u t i o n  
is  d e f i n e d  by 
, -OD< Y < -  - 1 ,-Y% 2 . 7  f ( y )  = - rn 
2 
a n d  x = ?!- 2 ’  I f  w e  make t h e  s u b s t i t u t i o n s  O( = 2 
t h e n  2 . 2  becomes g ( y )  = - 1 ,-Y2/2 , - o O < Y < d .  
Jz;; 
4 
-X For t h e  case O( = 1 w e  have  g ( x ;  1) = e , 0 < x (00 .  
mb.4 I d i s t r i b u t i o n  is -I------ 
1u13 h u u w r l  as tile e x p o n e n t i a l  d i s t r i b u t i o n  
a n d  is u s u a l l y  d e f i n e d  by 
, o < x < ; a o ,  Q > O .  1 -x/Q 8 2 . 8  f ( x )  = -  e 
111. THE EXPONENTIAL CASE 
Suppose  w e  w i s h  t o  p u r c h a s e  e l ec t ron  t u b e s  f o r  an  
e l e c t r o n i c  s y s t e m .  We want t u b e s  wh ich  w i l l  l a s t  a n  a v e r a g e  
of  a t  least  .u, h o u r s .  A m a n u f a c t u r e r  claims t h a t  h i s  
t u b e s  w i l l  m e e ?  t h i s  s p e c i f i c a t i o n .  
i n s t a l l  n t u b e s  f u r n i s h e d  by t h e  m a n u f a c t u r e r  a n d  o b s e r v e  
t h e i r  l i f e  s p a n s .  W e  w i s h  t o  t e s t  t h e  n u l l  h y p o t h e s i s  
Ho: n . L =  "ao a g a i n s t  t h e  a l t e r n a t i v e  h y p o t h e s i s  
Ha 
.05 .  To p e r f o r m  t h i s  t e s t  w e  assume t h a t  t h e  l i f e t i m e  of  t h e  
e l e c t r o n  t u b e s  o b e y s  a n  e x p o n e n t i a l  d i s t r i b u t i o n  g i v e n  by 
To t es t  h i s  claim w e  
: n h <  nh0 w i t h  a p r o b a b i l i t y  of  Type I error of  s ize  
, 0 < x <a. W e  make t h e  s u b s t i t u t i o n  1 -x& f ( x )  = - e 
4 v 
which  g i v e s  f ( z )  = e-z a n d  c h o o s e  as a test  X z = -  
-% n 
s t a t i s t i c  t = C zi .  To d e t e r m i n e  t h e  c r i t i c a l  r e g i o n  
f o r  t h e  t es t  w e  f i n d  zo s u c h  t h a t  G(zo;  n )  = .05 s i n c e  
t h e  sum of n i n d e p e n d e n t  z v a r i a b l e s  w i l l  have  a Gamma 
d i s t r i b u t i o n  w i t h  p a r a m e t e r  n .  W e  would t h e n  re ject  Ho 
i f  t < zo. 
t i m e  o f  t h e  t u b e s  l i e s  between 0 a n d  i n f i n i t y  h o u r s .  I t  
would  seem more r ea l i s t i c  t o  assume t h e  l i f e t i m e  of  t h e  
t u b e s  l i e s  i n  some f i n i t e  i n t e r v a l  f rom a1 t o  bl h o u r s .  
Then t h e  d i s t r i b u t i o n  would be  g i v e n  by 
i=l 
For t h i s  t e s t ,  however ,  w e  a re  a s s u m i n g  t h a t  t h e  l i f e -  
, a1 - < x 2 bl and  a f t e r  t h e  s u b s t i t u t i o n  
a n d  bl 
*%' -'O 
a 
, a < x < b where  a = -  b = - ,  - - 
o t h e r w i s e  
I = f f T ( z )  dz .  N o w  i n  o r d e r  t o  d e t e r m i n e  t h e  c r i t i c a l  
5 
r e g i o n  f o r  t h e  tes t  w e  must  f i n d  zfo s u c h  t h a t  F ( z  ; n )  = 
.05 where  FT(z; n )  
t h e  sum of  n i n d e p e n d e n t  v a r i a b l e s  e a c h  h a v i n g  t h e  t r u n -  
cated e x p o n e n t i a l  d i s t r i b u t i o n  g i v e n  by f T ( z )  a b o v e .  
is t h e  d i s t r i b u t i o n  f u n c t i o x  O f o r  
I t  is  t h i s  d i s t r i b u t i o n  f u n c t i o n  wh ich  w e  d e r i v e  i n  
t h i s  c h a p t e r .  
The c h a r a c t e r i s t i c  f u n c t i o n  of  a random v a r i a b l e  x 
w i t h  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f is d e f i n e d  by 
( t )  = r e i t x  f ( x )  dx. 
W e  n o t e  t h a t  
3.1 L Q ( t  + i ) = 
Hence ,  i f  U ( t )  is t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  f ( x ) ,  
t h e n  a ( t  + io ( )  is t h e  c h a r a c t e r i s t i c  f u n c t i o n  of  
e 
i t x  -#x i( t+in)xf(x)  dx = e [e  f ( x ) ]  dx.  
-00 --OD 
f (XI 0 
-0lx 
For t h e  r e c t a n g u l a r  d i s t r i b u t i o n ,  d e f i n e d  by 
3 . 2  f ( x )  = b-a a < x < b ,  
0 o t h e r w i s e  
t h e  c h a r a c t e r i s t i c  f u n c t i o n  is 
i t a  - e  
3.3 ce ( t )  = ( b - a ) i t  
i t b  e 
I t  is a w e l l  known f ac t  t h a t  t h e  c h a r a c t e r i s t i c  f u n c t i o n  
o f  t h e  d i s t r i b u t i o n  f o r  t h e  sum of n i n d e p e n d e n t  v a r i a b l e s ,  
e a c h  h a v i n g  t h e  same c h a r a c t e r i s t i c  f u n c t i o n  a & ) ,  is 
g i v e n  by [LO(t)]*. K e n d a l l  [ 1 4 ] .  
Hence t h e  c h a r a c t e r i s t i c  f u n c t i o n  of t h e  d i s t r i b u t i o n  o f  
t h e  sum of n i n d e p e n d e n t  v a r i a b l e s ,  e a c h  h a v i n g  t h e  d e n s i t y  




i t a ) n  - e  ( , i t b  
(b-a)  (it)" 
3 , 4  I.. (t> = 
If x i s  a t r u n c a t e d  e x p o n e n t i a l  v a r i a b l e s ,  t h e n  t h e  
d e n s i t y  f u n c t i o n  f o r  x i s  d e f i n e d  by 
L o  o t h e r w i s e  
The c h a r a c t e r i s t i c  f u n c t i o n  of  x is d e f i n e d  by 
i t x  -x 3.6 (t)  = -a1 -b f e e dx = 
e -e 
( i t  - 1 ) b  (it  -1)a 1 x ( i t  - e -e = 
-a -b (e -e ) ( i t  - 1) -a -b ( e e -e 
Hence t h e  c h a r a c t e r i s t i c  f u n c t i o n  f o r  t h e  sum of n 
i n d e p e n d e n t  t r u n c a t e d  e x p o n e n t i a l  v a r i a b l e s  is g i v e n  by 
( i t  - 1 ) b  ( e  -e 
-a - (e -e b ) n ( i t  - 1)" 
( i t  - 1 ) a ) n  
3.7 u (t)  = 
If S is t h e  s u m  of n i n d e p e n d e n t  v a r i a b l e s ,  e a c h  
w i t h  d e n s i t y  f u n c t i o n  3.2, t h e n  
for na  + m(b - a)  < S < na  + (m + 1 ) ( b  - a) and  
m = 0 , 1 , * * - ,  n - 1. C r a m e r  [11]. 
S i n c e  i t  - 1 = i ( t  + i)  w e  have  by 3.1 t h a t  S, t h e  
s u m  o f  n i n d e p e n d e n t  t r u n c a t e d  e x p o n e n t i a l  v a r i a b l e s ,  
e a c h  h a v i n g  d e n s i t y  f u n c t i o n  3.3, is  d e f i n e d  by 
-S e m k n [ s  - n a  - k ( b  - .)In-' 61) ( k )  (n  - l)! -a -b  n k=o 
1 




fo r  n a  + m(b - a )  < S < na  + ( m  -C l ) ( b  - a ) ,  a n d  
m = O , l , * - * , n - l .  
I f  FT is  t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  S, t h e n  t o  
f i n d  FT(x )  w e  must  f irst  f i n d  mo s u c h  t h a t  
n a  + mo(b - a) < x < n a  + (mo + l ) ( b  - a ) .  T h i s  i n e q u a l i t y  
< m o  + 1. x - na  - a r e d u c e s  t o  mo < 
Hence w e  c h o o s e  m a s  t h e  l a rges t  i n t e g e r  less t h a n  
0 x - n a  or e q u a l  t o  - a . N o w  w e  must  i n t e g r a t e  f T ( s )  f o r  m = o 
from n a  t o  n a  + ( b  - a ) ,  f o r  m = 1 f rom n a  + ( b  - a) t o  
n a  + 2 ( b  - a ) ,  a n d  f rom n a  + m o ( b  - a )  
t o  x .  Since f T ( s )  is a sum of mo + 1 t e r m s ,  t h e  f i r s t  
t e r m ,  t h a t  for k = 0, w i l l  o c c u r  i n  a l l  s e g m e n t s ,  and  h e n c e  
must  be i n t e g r a t e d  f rom na  t o  x .  The second t e r m  o c c u r s  
f rom k = 1 t o  k = mo a n d  h e n c e  must  be i n t e g r a t e d  f r o m  
n a  + ( b  - a) t o  x .  F i n a l l y  t h e  l a s t  t e r m  o c c u r s  f o r  k = mo 
o n l y ,  a n d  hence  must  be i n t e g r a t e d  f rom n a  + mo(b - a )  t o  
X .  
f i n a l l y  f o r  m = mo 
Hence t h e  d i s t r i b u t i o n  f u n c t i o n  FT is d e f i n e d  by 
~ 
m 1 
na-tk (b-a)  
k n  [ s -na-k(b-a)  fee&. 
FT(x) = -a - b  n k-o (-1) ( k )  f (n-1)  ! 1 3.10 
( e  -e 1 
If w e  le t  y = S - n a  - k ( b  - a) t h i s  becomes 
x-na-k (b-a) 
-k(b-a)  1 b yn- l e -ydy .  -na "b e c_ ( - l ) k ( P d e  -a -b n k-o 3.11 FT(x)= 
(e -e ) 
1 n a  -na  - e * e  Now l e t  a. = 
( e - a ) n ( e  -a -e - b ) n  ( l-ea- b> 





by 2 . 1 .  
FT(x )  = kzo ak G ( z k ;  n )  where  G ( x ; n j  is  d e f i n e d  
Below w e  compare  t h e  g r a p h s  for t h e  d i s t r i b u t i o n  of t h e  
sum of  5 i n d e p e n d e n t  t r u n c a t e d  e x p o n e n t i a l  v a r i a b l e s  w i t h  
t r u n c a t i o n  a t  a = 1 a n d  b = 3 w i t h  t h e  Gamma d i s t r i b u t i o n  
w i t h  p a r a m e t e r  o( = 5 which  would be t h e  d i s t r i b u t i o n  for 
t h e  sum of  5 i n d e p e n d e n t  u n t r u n c a t e d  e x p o n e n t i a l  v a r i a b l e s .  
v P D v p .tP Lw 9 go .y 0 
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N o w ,  r e t u r n i n g  t o  t h e  example  a t  t h e  b e g i n n i n g  of  t h e  
c h a p t e r ,  s u p p o s e  w e  h a v e  a = .11, b = .91 a n d  n = 5. From 
t a b l e  I w e  f i n d  F ( 1 . 4 7 ;  5 )  = .05 a n d  h e n c e  t h e  c r i t i c a l  
r e g i o n  is  g i v e n  by t < 1 - 4 7 .  
If we h a d  c o n d u c t e d  t h e  test a s s u m i n g  a c o m p l e t e  d i s -  
t r i b u t i o n ,  when i n  f a c t  i t  w a s  t r u n c a t e d  as  a b o v e ,  t h e  
c r i t i c a l  region would have  been  t < 1 . 9 7  a n d  t h e  s i z e  of  
t h e  c r i t i c a l  r e g i o n  would h a v e  been  . 2 5  = F ( 1 - 9 7 ;  5 ) .  
I V .  THE DISTRIBUTION FOR N = 2 
A m a n u f a c t u r e r  of  e l e c t r o n i c  equ ipmen t  r e c e i v e s  a 
s h i p m e n t  of  p a r t s  f o r  a n  e l e c t r o n i c  component .  S i n c e  t h e  
w e i g h t  of t h e  component must  n o t  e x c e e d  a s p e c i f i c  maximum 
w e i g h t ,  he w i s h e s  t o  t e s t  w h e t h e r  t h e  mean w e i g h t  of  t h e  
p a r t s  e x c e e d  a s p e c i f i c  w e i g h t  k .  From p a s t  e x p e r i e n c e  i t  
i s  known t h a t  t h e  w e i g h t s  of  t h e s e  p a r t s  o b e y s  a gamma 
X e o(0 - 1 -x/a d i s t r i b u t i o n  g i v e n  by 1 g ( x ;  do) = 
r l  (c f0 ) f l0  9 
where  q0 is known. 
The mean of  a c o m p l e t e  Gamma d i s t r i b u t i o n  i s& 
a n d  t h e  maximum l i k e l i h o o d  es t imate  f o r  13 is c xi/ ,  
F o r  a s a m p l e  of s i z e  n w e  w i s h  t o  t es t  t h e  n u l l  
i=l 
h y p o t h e s i s  Ho: n bo( = nk a g a i n s t  t h e  a l t e r n a t i v e  
0 
h y p o t h e s i s ,  H a :  n 
u s e  t = C x 
x a n d  u s e  as a t es t  make t h e  s u b s t i t u t i o n  z = - 
n i k i  n 
s t a t i s t i c  t = C zi s i n c e  t h e  d i s t r i b u t i o n  of  C zi 
i=l i=l 
w i l l  be  a Gamma d i s t r i b u t i o n  w i t h  p a r a m e t e r  no( . To 
d e t e r m i n e  t h e  c r i t i c a l  r e g i o n  w e  t h e r e f o r e  woul8  n e e d  
s u c h  t h a t  i f  w e  w i s h e d t o  have  a c r i t i c a l  
r e g i o n  of s i z e  .05. W e  would  t h e n  re jec t  Ho i f  t > zo. 
T h i s  t es t ,  however ,  i s  c o n d u c t e d  a s s u m i n g  t h a t  t h e  
w e i g h t s  of t h e  p a r t s  o b e y s  a c o m p l e t e  G a m m a  d i s t r i b u t i o n  
w i t h  p a r a m e t e r s  o( and f i  = -' k , when it would s e e m  more 
r e a l i s t i c  t o  assume t h a t  t h e  w e i g h t s  o f  t h e  p a r t s  f e l l  i n  
> n k .  A s  a t e s t  s t a t i s t i c  w e  would 
However,  t o  clse a v a i l a b l e  t a b l e s  w e  f i r s t  i '  
d o  i=l 
zo 
G ( z o ;  nH0) = .95 
a0 
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some f i n i t e  i n t e r v a l  a1 t o  b l ,  a n d  h e n c e  obeyed  a t r u n -  
c a t e d  Gamma d i s t r i b u t i o n  wh ich ,  a f te r  t h e  s u b s t i t u t i o n  
would be g i v e n  by -0 z = -  
e , a z - < b where  
N o w  i n  order t o  d e t e r m i n e  a c r i t i c a l  r e g i o n  of  s ize  
. 05 ,  w e  would need  t o  f i n d  zo s u c h  t h a t  F ( z  * n )  = . 9 5  
where F T ( z ;  n )  
n i n d e p e n d e n t  t r u n c a t e d  v a r i a b l e s  e a c h  w i t h  t h e  d e n s i t y  
f u n c t i o n  g i v e n  by f T ( z ;  a(,) a b o v e .  
c h a p t e r  a n d  i n  t h e  f o l l o w i n g  c h a p t e r  t h e  d i s t r i b u t i o n  i s  
d e r i v e d  f o r  n = 3 .  
T 0' 
is t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  sum of  
For n = 2 ,  t h i s  d i s t r i b u t i o n  is d e r i v e d  i n  t h i s  
L e t  x1 a n d  x2 be i n d e p e n d e n t  v a r i a b l e s ,  e a c h  h a v i n g  
t h e  t r u n c a t e d  Gamma d e n s i t y  f u n c t i o n  d e f i n e d  by 
o(-1 e-x 4 . 1  f T ( x )  = Cx , a - < x 5 b where  
The j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of  x1 a n d  x2 
is g i v e n  by f T ( x l ,  x 2 )  = fT(x l )  f T 2  (x  ) = 
2 xa-l %-1 -(x1+x2) e 1 x2 C 
L e t  s = x ,  + x,. Then dx, = d s  a n d  h e n c e  
04-1 e-s a-3 I L 2 
f T ( S ,  x 2 )  = c ( s  - x2)  "2 
I n  o r d e r  t o  f i n d  f T ( s )  w e  must i n t e g r a t e  f T ( s ,  x 2 )  
The f o l l o w i n g  d i a g r a m  is h e l p f u l  i n  d e t e r m i n i n g  t h e  l i m -  
w i t h  r e s p e c t  t o  x2 o v e r  t h e  p r o p e r  l i m i t s .  
i ts  of  i n t e g r a t i o n .  
+ b ,  x2 
g o e s  f rom a t o  s - a ,  a n d  f o r  a + b - < s - < 2 b ,  x2 g o e s  
f rom s - b t o  b .  
Hence f T ( s )  is g i v e n  by 
dx2 f o r  2 a  < s < a + b - - 
f o r  a + b < s < 2 b .  dx2 - - 
L e t  x2 = s z .  Then dx2 = s d z  and  w e  have  
s d z  f o r  2 a  < s < a+b a-1 (sz)4-1(s -sz)  - - 
f T ( S )  = 
F a c t o r i n g  s out of  t h e  i n t e g r a l s  above  g i v e s  t h e  
f o l l o w i n g  d e f i n i t i o n  for f T ( s ) :  
z (l-z)'-ldz f o r  
2 a  < s < a+b - - 
2 -ss24-1 
2 -ss24-1 M - 1  ( I - Z ) ~ - '  d z  for 
c e  
4 * 2  f T ( s ) =  [ e 
b/s 
Il- b / s  
a+b < s < 2 b .  - - 
12 
I f  w e  i n t r o d u c e  a n e g a t i v e  s i g n  i n  t h e  s e c o n d  i n t e g r a l  
or k = 2. Hence e a c h  
defining f,(s), t h e n  t h e  l i m i t s  of b0t.h i n t . e g r a . 1 ~  a r e  of 
a t h e  fo rm k t o  1-k ,  where k = - 
i n t e g r a l  c a n  be r e p r e s e n t e d  by 
I = K c-k zd-l(l-z)d-l dz where  K = c e s 
1 
S S 
2 -s 24-1 
'-' dz a n d  u = (1-zy- ' .  Then dv = z 2 L e t  v = - 
a n d  d u  = - (d- l )  (1-z) 
Z 
d z ,  a n d  h e n c e  a -2 
OI 
1-k 1-k 
d -1 z'((l-zp(-2 dz] . 4-1 
+ c( s k  
R e p e a t e d  i n t e g r a t i o n  by p a r t s  g i v e s  
24-2(1-z)) 1 1-k + ( d - l ) ( q - 2 ) * * * 2  
- ... 4 @ +I) W+2) Z k 
24-1 1-k 
a n d ,  i f  w e  assume o( is Z d z  = - N o w  c-k z2#-2 24-1 3, 
a n  i n t e g e r ,  
(4-1) : (d-1) I 24-1) - (4-1)(d-2) . . .  (4-j) for  (24-1) : (4- j (24- j -1 )  I 
j =  1, 2 ,  . . . a ( -  1. H e n c e  
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- 24- 1 4-2 &+l( l-k) (2q-1) k2al-2 (1-k) - ... - &-2 k 1 
2a-1 q (6-1) ! (4-1) ! 
(4-1 )k (l-k)'-l] (2u-1) ! j =O 
4-1 
j =O 
( 1- k - C  24 - j - 1 
(7- ') k J ( G l )  ! (d-1) ! (2a-1) ! can be w r i t t e n  as  
(l-k)2q-J-1 - C ( 24-1 ) k  2 a j - 1  ( l -k ) J ]  f o r  k = - a 
f T ( s )  = K 
j =O 
and 
S j =O 
2a  < s < a+b or f T ( s )  = K 
( l -k)J  - C ) k  (1-k) 
I ~ - 1 ) :  r i 1 ( 2 M - 1 ) k 2 ~ - j - 1  
(2-1) I j - - j =O 
for  k = - and 
S 
4-1 (24-1 j 
j = O  j 
a+b < s < 2b. - - 
and -S for k and t a k i n g  e a S u b s t i t u t i n g  - and - 
S S 
S 2d-1 i n s i d e  t h e  summation g i v e s  
2d-j-1 a j  - 
[ (s-b) j b 2q-j-1- 
j =O 
b J g  f o r  a+b - < s - < 2b.  
is d e f i n e d  by FT 
%(SI = 
The d i s t r i b u t i o n  f u n c t i o n  
X 
f T ( s )  d s  f o r  2a  < x < a+b or - - I, a FT(X) = 
14 
X 29-j-1 j -s a (s-a) e d s ] .  L e t  z = s-a. Then dz  = d s ,  
d -1 
j =O 
-S -a -z 2 (@-l)!(+l)!  e = e e , and hence FT(x) = c (24-1) I 
2 (a(-1) ! (#-1) ! y ( 2 M - l  j )e-.[[ aJ r (2q- j ) [G(x-a ;  2d-j)  - C 
f j =O 
(2d-1) ! 
G(a; 24-j)]]  - [a2'-J-'r(j+l) [G(x-a; j + l )  - G(a; j+l) 111 
J 
where G(x;O()  is de f ined  by 2 .1 .  S i m i l a r l y  f o r  
2 ( l - l ) ! (cq- l ) !  a( -1 
j =O (2q-1) ! 
a+b - < x - < 2b ,  FT(x) = FT(a+b) + c 
(2W-l)[b2d-j-1 (s-b)J  e-' d s  - bJ [+b(s-b) 2U-j-le-sdsl. 
j C4-b 
- S  -be-z L e t  z = s - b .  Then dz = d s ,  e = e , and 
z j e -z dz - bJ [-bz 20(-j-1 e-z dzl  - 
[b2q-j-1 
2 (q-1) I (#-1) I *il (2W-1 b2@-j-1,,(j+l) 
(2al-1) I j =O j 
FT(a+b) + c 
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[G(x-b;  j+l) - G ( a ;  j + l ) ]  - b J r ( 2 q - j ) [ G ( x - b ;  2 4 - j )  - 
G ( a ;  2#-j)]]  where G ( x ; a ( )  is d e f i n e d  by 2 . 1 .  
t h a t  
By r e p e a t e d  i n t e g r a t i o n  by p a r t s  i t  is p o s s i b l e  t o  show 
-a -v  2 -a 2 -v 
I! 21 + + a e  - v e  ( a e  -ve  
V 
1 xq-le-xdx = e’a-e-v+ 
(aaf-le-a 4 - l e - v )  
-V . . .+ 
(o( - l)!  
a - 2  -x x e d x +  Hence 1 x4-1e-xdx = vT{a V 1 V 
1 a( -le-a 4-le-v 
(e-l)! ’ 
( a  -V 
BUA) = ra a >- le-xdx,  and  
x A - 1  e -x d x .  L e t  CN(A) =(- xb 
S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  and  making a l l  p o s s i b l e  
c a n c e l l a t i o n s  g i v e s  t h e  f o l l o w i n g  d e f i n i t i o n  for F T ( x ) ,  
t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  sum of two i n d e p e n d e n t  
t r u n c a t e d  Gamma v a r i a b l e s  w i t h  t r u n c a t i o n  a t  a a n d  b :  
f o r  2 a  < x < a + b ,  - - 
-J+l) - a 2 q - J  BN(J)] 
( J  - l)! (2a( -J) ! FT(x)  = e 
16 
or for a + b < x < 2b ,  - - 
n d  $ bA -'CN(J) - b'-'CN (2 a( - J+1) 
FT(x)  = e-bG (20( - J ) ?  ( J  - l)!  J=1 
Below w e  compare t h e  graph of t h e  sum of t w o  indepen- 
d e n t  t r u n c a t e d  Gamma v a r i a b l e s  wi th  p a r a m e t e r #  = 2 and 
t r u n c a t i o n  a t  a = 1 . 5  and b = 3 . 5  w i t h  t h e  graph of 
t h e  Gamma d i s t r i b u t i o n  wi th  p a r a m e t e r H  = 4 which would 
be t h e  d i s t r i b u t i o n  for t h e  sum of t w o  independent  Gamma 
v a r i a b l e s  wi th  parameter  4 = 2 .  
* P N w cp ul a 41 00 co P . 
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R e t u r n i n g  t o  t h e  example  a t  t h e  b e g i n n i n g  of  t h e  
c h a p t e r ,  suppose  w e  have  o ( ~  = 4 ,  a = 2 . 3 ,  b = 5 . 6 ,  a n d  
n = 2 .  Then f rom t a b l e  I1 w e  f i n d  t h a t  F T ( 9 . 7 6 ;  2 )  = .95 
a n d  h e n c e  t h e  c r i t i c a l  r e g i o n  is g i v e n  by t > 9.76. 
I f  w e  h a d  c o n d u c t e d  t h e  t e s t  a s s u m i n g  a c o m p l e t e  
d i s t r i b u t i o n ,  when i n  f a c t  i t  w a s  t r u n c a t e d  as  a b o v e ,  t h e  
c r i t i c a l  r e g i o n  w o u l d  h a v e  been  t > 13.15, a n d  s i n c e  t h i s  
is g r e a t e r  t h a n  2 b ,  t h e  s i z e  of  t h e  c r i t i c a l  r e g i o n  would 
h a v e  been  zero.  
V .  THE DISTRIBUTION FOR N = 3 
L e t  x l ,  x a n d  x3 be i n d e p e n d e n t  v a r i a b l e s ,  e a c h  h a v i n g  2 '  
t h e  t r u n c a t e d  Gamma d i s t r i b u t i o n  w i t h  d e n s i t y  f u n c t i o n  g i v e n  
by 4 . 1 .  Le t  y = x1 + x2 a n d  S = y f x3. 
by 4 . 2 ,  a n d  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of  y 
a n d  x is g i v e n  by 
Then y h a s  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  d e f i n e d  
3 
fT(Y,  x3 )  = f T ( X 3 ) ' f T ( Y )  = [cx3 
2 -y 24-1 f o r  2 a  - < y - < a+b,  or f T 3  ( x  ) * f T ( y )  = [cx;-'e-"].[c e y 
b/y a-1 
z ( 1  - z ) ~ - ' ~ z ]  f o r  a+b - < y - < 2 b .  H e n c e  
[-b/y 
3 4-le-x3 e- ( s -x3 )  (s-x3) $-'(l-zfldz f ( s , x 3 )  = c x3 T 
for a+b \ S-x < 2 b .  - 3 -  
T o  f i n d  f T ( s )  w e  must  i n t e g r a t e  fT(s ,  x3) w i t h  
r e s p e c t  t o  x3 o v e r  t h e  p r o p e r  l i m i t s .  
The f o l l o w i n g  d i a g r a m  is h e l p f u l  i n  d e t e r m i n i n g  t h e  
l i m i t s  o f  x 3 .  
18 
From t h e  d iagram w e  see t h a t  for 3 a  - < s - < 2a+b ,  x3 
goes from a t o  s - 2 a .  
goes from a t o  s - a - b and from s - a - b to  b .  
F i n a l l y ,  from a + 2 b  < s < 3 b ,  
Hence  
For 2 a  + b < s < a + 2 b ,  x3 - - 
x3 goes from s - 2 b  t o  b .  - - 
19 
sy 2 a 
f ( s , x 3 ) d x 3  f o r  3a - < s - < 2 a  + b 
fa  
5 .1  f T ( s ) = i  
f T ( s , x 3 ) d x 3  f o r  a + 2b  - < s - < 3b .  %,, 
z ( 1-zY-'dzdx3 3 w-1f-a1s-x3 a(-1 s-a-b a / s - x 3  
S u b s t i t u t i n g  t h e  f o r m u l a s  f o r  f T ( s , x 3 )  t h i s  becomes 
d z  dx3 for 3a < s < 2a+b - - 
f o r  2 a  + b < s < a + 2 b  - - 
b/s-xg 
x q-1 (s-x3)2- p-' ( l -z)*- ldzdx3 
3 -b/s-X3 
f o r  a + 2 b  < s < 3 b  - - 
dw 9 L e t  W = (s - x 3 ) z .  Then z = w/s-x3, d z  = s -x3  
u-1 o(-1 
dw . s-w- x3 4-1 w (s-w-x2) 1 - z =  , and  z ( l - t y - l d z  = 24- 1 
s - x 3  ( s  - x3> 
S u b s t i t u t i n g  t h e s e  r e s u l t s  i n t o  5 . 1  g i v e s  t h e  f o l l o w i n g  
d e f i n i t i o n  f o r  f T ( s ) :  
20 
for 3a < s < 2a  + b - - 
w'(-1(s-w-x3)q-1dw dx3 + 
w 
s-a-b 
f o r  2a  + b < s .<  a+2b - - 
3 -s p a(-1 p w a-1 ( s - w - ~ ~ ) ~ - ~ d w  dxg 
x3 s-x3-b S-2b 
c e  
5 .2  f T ( s ) =  
for a+2b < s - < 3b - 
2 L e t  x3= s u  and w = s v .  Then dx3dw = s du dv ,  and 
o(-1 36- lU# - lvd - 1 ( s - w -  x3)*-'dwdx3 = s (1-u-v) . 0 t - l w O ( - l  x3 
S u b s t i t u t i n g  t h e s e  r e s u l t s  i n t o  5 .2  g i v e s  
v dv du for 3a<s<2a+b - -  U 
c e  v (l-u-v)*-'dv du + 
l-u-a/s# - 




- -  
3e-~s34-1 ys U '-' { S d - l  v (l-u-vF-'dv d u  for 
1-2b/s 1-U- b/s  
a+2b<s< - -  3b 
21 
I f  w e  i n t e rchange  t h e  l i m i t s  f o r  bo th  i n t e g r a l s  i n  t h e  
second a n d  f o u r t h  l i n e s  of 5.3, t h e n  e a c h  of t h e  i n n e r  
i n t e g r a l s  w i l l  have l i m i t s  of t h e  form k t o  1-u-k where 
k = a/s  or k = b / s .  
Hence  each of t h e  i n n e r  i n t e g r a l s  may be r e p r e s e n t e d  by 
/k 
Let z = v/l-u. Then v = (1-u)z, dv = (1-u)dz,  and 
1- /1-u 
I = (1-u) 2a- 1 zQ(-'(1--zp(-'dz. 
Jk/ 1-u 
a 
Let v '  = z /o( and u '  = ( l - ~ ) ~ - l .  Then dv '  = Z#-'dz, 
du '  = -(aC-l) (1-z)'-2dz, and 
I 
-k/l-u 
I = (1-u) + a i  
/ 1-u d / 1-u 
L 
A f t e r  r enea ted  i n t e g r a t i o n  by p a r t s  w e  f i n d  
f o r  j = 1, e ,  d -1, and I can  be expressed  as 
(a?-l)! (o(- l ) !  (1-u)24-1 [ .H-1 2Q-1) 22-(1-z) + 
I =  ( 2 a -  l)! +( 1 
1 22 
3 a(-1 20( -1 2 ' j - 1 ~ $ - 1 ( ~ - ~ - &  t )k  2cl- j - ldu r1 C =0 (2al.-1) J kJ[u*-'(l-k-u) j =o ( j  
By r e p e a t i n g  t h e  same s t e p s  which were r e q u i r e d  t o  reduce  
I 
for f u@-l(l-k-u)Jdu a n d  
[ u.'-1(1-k-u)2al-J-1du, w e  f i n d  5.5 u (1-k-u)Jdu = 5 
2at-j-1 ( 3 a  -j-1 3 4-j-i-1 
( l -k- t ) i  - C i ) r  
i =o 1 
Combining 5.5 and 5.6 w i t h  5.4 w e  g e t  
2cy-j-1 
i=o  
kJ C 3 -sS3q-1 (a-l)!  (aC-l)! fT(s) = c e (20( -1) ! 
( l -k- r ) i ]  - i- r3*j-i-1 ( 3Cij-l)  [t3a(-j-i-1 (1-k-t) 
4-1 24-1 
q+j 
j=o w( a( 1 
( j k24-j-1 J oc+j -i 
i=o  
c (yJ) [ t  (1-k-t) -r c 
f o r  r = a/s ,  t = 1 - 2a / s ,  k = a /s ,  and 3a < s < 2a+b, or - - 
23 
q-1 2q-1 . 2q-j-1 
3 -S 3Cf-1 ( a C - l ) !  (al-1): e ( j )  kJ 
( 2 4  -1) I  [ j=o  1 i = o  -j-1 f T ( s )  = c e s 
i =o j =o 
) k2q-j-1 j ( 1  q+j ) [ t  o l + j - i  (1-k-t) i -r ol+j-i (1-k-r) ]I 4-1 (2q-1 
C d+j 
j = o q ( q  1 i =o 
f o r  r = 1 - a/s - b / s ,  t = a /s  and k = b / s  i n  t h e  f i r s t  t w o  
sums a n d  r = 1 - a / s  - b / s ,  t = b / s ,  a n d  k = a /s  i n  t h e  second 
two sums, and 2a + b - < s - < a+2b, or 
e(-1 2y-1 24-j-1 
kJ 3 -ss3+l (y-l)! (q - l ) !  ( fT(S)  = c c 
) i = o  -j-1 j = o  (2Y-1) I 
i 39-j-i-1 (1-k-r) i ] - (1-k-t) -r (3J- i- 1 )  [ 3% j -i - 1 i 
(1-k-s) 3 9-1 2@-1 j *+j) [ tq+j-i i q+j-i ( j ) k2q-j-1 (1-k-t) - S  c ( 1  
j = o  C$+j i = o  
Y (  q ) 
for r = b/s ,  t = 1 - 2b/s, k = b / s ,  and a + 2 b  - < s - < 3b .  
S u b s t i t u t i n g  t h e  v a l u e s  f o r  k ,  r ,  and t ,  and t a k i n g  
S i n s i d e  t h e  summation g i v e s  t h e  fo l lowing  d e f i n i t i o n  
for t h e  p r o b a b i l i t y  d e n i s t y  f u n c t i o n  of t h e  sum of t h r e e  
independent t r u n c a t e d  Gamma v a r i a b l e s  wi th  t r u n c a t i o n  p o i n t s  
a and b:  
3Jr- le-s 
24 
q - 1  (29-1) j 2U+i- j-1 (s-2a) q+j-ie-s-a3d-i-1 c (q:J) [a  j=o  q (  4+j ) i=o  
for 3a < s < a+2b, or ( s -2a) ie -s l J  - - 
2a(- j - 1 a#+ j - i + q-1 2 6 1  j 
j = o  d (  a( ) i=o 
((s-a-b) 34- j-i- l ,-s)  - C v  ( J )  (‘+J) 1 [ ( b  
d+J-i e-‘)] for 2a+b < s < a+2b, or - - 1 ( (s-a-b) 
1 24-j-1 3U-.j-1 c ( 
q - 1  (23-1) 
) i=o  
(s - 2b)ie-s] - C +j 
24-1 
4 - l  ( j 
j = o q e d  
3 (4-1)! (W-l)! 
f T ( S )  = c 
(2q-1) ! 
3or- j -i-le-s- %-i-1 [ bJ+i (s-2 b) 
C j ( 4 f J ) [ b  24+i-j-1(s-2b) q+j-i e -  -s b3Q-i-1(s-2b) ie-s]l for  
i=o  J 
a+2b < s < 3b.  - - 
25 
The d i s t r i b u t i o n  f u n c t i o n  FT(x) = 
def ined  by 
FT(x) = c i 
24-j-1 
1 (34- j - 1 
(2a-1) I 
i -s (s-2a) e ds]  - 3q- j -i- le-sds [a j+ i  (s-2a) - a  
X-j-1 ( ~ - 2 a ) ~  e-'dsg f o r  3a - < x - < 2a+b, or 1. a 
29.- 1 2q-j-1 
FT(x) = FT(2a+b) + c 3 (q- l ) !  ( q - l ) ! r i l  ( J H-j-1) ) 
i=o c (24-1) ! j = o  4 ( 3  
(34- i j- 1 ) [ ( b  j ,3U- j - i - 1 + a b  j 3q-j-i-1 ) ca$;-b-a)ie-sds - 
i 
(aJb i  + a ibJ)  3s - j - i - 1 e- s ds 
(s-a-b)ie-sds - 2% j - 1 b4+j -i 
l + b  
(b2U-j-laq+j-i + a  
al +j -ie-sds (,i,24-j-' i 2H-j-1 (s-a-b) f o r  2a+b<x<a+2b, - -  I d + b  '+ b a 
i - s  (s-2b) e ds]  - 3H-i-1 
X W-j-i-1 - s  
L 2  b
e d s - b  
26 
3cJ-i f ( ~ - 2 b ) ~ e - ~ d s ]  b for  a+2b - < x - < 3b. 1 a+2 b 
-2a -z L e t  z = s - 2a. Then dz  = d s ,  e-’= e e , and 
for 3a < x < a+b - - 
e 
a(-1 2q-1 2a(-j-l FT(x) = c 3 (N-1): (4-l)! ( 34; j - 1 
(24-1) ! i=o  
[,-2a a j+i Z 34-j-i-1 e -z d z - e  -2a a3N-i-1 r...ie-zdZ - 
q-1 H.-1 j ct+j -2aa24+i-j-1 x-2a 4+j-ie-zdz - 
j=o OI( J )  i=o 
a( 
-2a 3q-i-1 12az ie -zdz l  - c e 
ja 
.* ( i  ) [ e  
3 -2a (d-l)! (al-1): 1 (24-1) ! e a  
2a(-j-1 
i =o 
(3qyJ-1) [ aJ+i p (3q- j- i)  (G(x-2a; 
1 
p(i+l) (G(x-2a; i+l) - 3d-i-1 39-j-i) - G(a; 3W-j-i)) - a 
(G(x-2a; i+l)-G(a; i + l ) ) ]  where G(x;a() is defined by 2.1. 
- - 
1 
Similarly, i f  w e  l e t  z - s-b-a, t h e n  for  2a+b < x < a+2b, 
27 
1 4-j-1 
-b-a 3 (4-1) ! ( 4 - l ) !  FT(x) = FT(2a+b) + e C 
(2c( -  1): 
(34;j-1) [ (bja34-j-i-1+ .jb34-j-i-1 P ( i + l )  
2cl-j-1 
c 
i = o  
(G(x-a-b; i+l) - G(a; i + l ) )  - (aJbi + a b ) r (3W-j - i )  i j  
1 C j ( i  4 + j )  
q-1 (2q-1)  
(G(x-a-b; 3+J-i) - G(a; 3d - j - i ) ) ]  - C q+j j = o  a t (  a ) i=o 
[ ( b  2a- j - laa+j- i  + a 2q-J-1 b4+J-i) r ( i + l )  (G(x-a-b; i + l )  - 
G(a; i+l)) = ( a  b i 24-j-1 + a H-J-') r ( q + j - i + l )  
(G(x-a-b; q+j-i+l)  - G(a; and i f  w e  l e t  
z = s - 2b,  t hen  for a+2b < x < 3 b ,  





(34TJ-1) [bJ+i p (3q - j -1 )  (G(x-2b; 3q - j - i )  - G(a;  34 - j - i ) )  - 
1 )  
j = o w ( 4  1 
d-1 (2q-1 
r ( i + i ) ( G ( ~ - 2 b ;  i+1) - G(a; i + l ) ) ]  - c q+j 
b3 4- i - 1 
(q.+J) [ b  2d- i - j -1  p ( q + j - i + l )  (G(x-2b; q +j - i+ l )  - 1 
i =o 
G(a;  4 4-j-ii-1)) - b34-i-1 r ( i + l )  (G(x-2b; i+1)  - G(a;  i + l ) )  g .  
As i n  chap te r  I V ,  l e t  A N ( A )  = 1 6. xA-le-xdx, b 
x-b-a 
B N ( A )  = &- 1 xA-le-xdx, x-2a xA- le -Xdx  
28 
S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  a n d  making  a l l  p o s s i b l e  
c a n c e l l a t i o n s  g i v e s  t h e  f o l l o w i n g  d e f i n i t i o n  f o r  F T ( x ) ,  t h e  
d i s t r i b u t i o n  f u n c t i o n  of t h e  sum of t h r e e  i n d e p e n d e n t  
t r u n c a t e d  Gamma v a r i a b l e s  w i t h  t r u n c a t i o n  a t  a a n d  b :  
J+1-2 BN (34- J- I +2 ) - F T ( x )  = Ge-2a[: 2a(-J+1 c [ 'a J=1 1=1 ( J - l ) !  ( I - l ) !  
2q+1-J-1 BN(a(+J-I-l-l) - a 3c(-1 BN(1) o ( J  
( J - 1 )  I (34-J-I+1) ! ] - JZ1 141 I" ( 2 q  -J) I (1-1) ! 
f o r  3 a  < x < 2a+b,  or - - 
c 
J=l  1=1 
3 U - I  a 
(2a(-J) ! (aC4-J-I) ! 
FT(x)  = FT(2a+b) 4- G e 
)CN(I) - J- la3CI- J- I +1+ a J- lb3P(- J- 1+1 
(J - l ) !  (3al-J-I+1)! 
J 
(aJ-'bl-'+ a '-'bJ-') C N ( W - J - I + 2 y -  c 
1 ( J  - l)! ( I  - l)!  J=1 1=1 2q-JaOl+J-I+ .2@-JbQ+J-I ) C N ( I )  - (a1-1b2w-J+ a2q-Jb1-1)CN(W+J-I+1) ( 2 q - J ) !  ( d + J - I )  I (2W-J) ! (1-1) ! 
f o r  2a+b < x < a+2b,  or - - 
FT(x)  = FT(a+2b) + e-2bG bJ+1-2DN(34- J-14-2) - 
( J - 1 )  ! (1-1)  ! 
29 
b3q-1DN(I) 3 - J=l 2 1=1 ~ " l - J - l D N ( W - J - I + l )  (241-5) ! (1-1) ! - ( J -1 )  ! (3@-J-I+1) I 
Below w e  compare t h e  g r a p h s  of t h e  sum of t h r e e  i n d e -  
penden t  t r u n c a t e d  Gamma v a r i a b l e s  w i t h  p a r a m e t e r  o( = 2 
and  t r u n c a t i o n  a t  a = 1 .5  and  b = 3.5  w i t h  t h e  g r a p h  of t h e  
G a m m a  d i s t r i b u t i o n  w i t h  p a r a m e t e r a  = 6 which would be t h e  
d i s t r i b u t i o n  for t h e  sum of t h r e e  i n d e p e n d e n t  Gamma v a r i a b l e s  





R e t u r n i n g  t o  t h e  example a t  t h e  b e g i n n i n g  of c h a p t e r  
- 4 , a - n ~  I - - I = P  
L . 3 ,  u - 3.u) aiid ii = 3 .  -B 4 ,  suppose we i,av-e * - 
0 
Then f rom t a b l e  I11 w e  f i n d  t h a t  FT(13.98; 3) = .95 a n d  
h e n c e  t h e  c r i t i c a l  r e g i o n  f o r  t h e  t e s t  would be g i v e n  by 
t > 13.98. 
I f  w e  had  c o n d u c t e d  t h e  t es t  a s s u m i n g  a c o m p l e t e  
d i s t r i b u t i o n ,  when i n  f a c t  it w a s  t r u n c a t e d  as  a b o v e ,  t h e  
c r i t i c a l  r e g i o n  would h a v e  b e e n  t > 18.20 and  s i n c e  t h i s  
is g r e a t e r  t h a n  3 b ,  t h e  s i z e  of t h e  c r i t i c a l  r e g i o n  would 
have  been zero.  
V I .  COMPARISON OF CRITICAL VALUES 
I n  t h e  f o l l o w i n g  t a b l e  t h e  p a r a m e t e r s  which d e t e r m i n e  
t h e  d i s t r i b u t i o n s ,  a, b , o ( ,  a n d  n ,  are g i v e n  w i t h  t h e  
.05 a n d  .95 c r i t i c a l  v a l u e s  f rom t h e  t a b l e s  o b t a i n e d  
f rom t h e  a c t u a l  d i s t r i b u t i o n s  a n d  w i t h  t h e  c r i t i c a l  v a l u e s  
t g k e n  f r o g  t h e  /3 
Xo5 a n d  XSg5. 
and  8 t a b l e s ,  which  are d e n o t e d  by 
t 











































































































































































I n  t h e  f o l l o w i n g  t a b l e  t h e  p a r a m e t e r s  which d e t e r m i n e  t h e  
d i s t r i b u t i o n s ,  a ,  b , O ( ,  and  n ,  are g i v e n  w i t h  t h e  .01  and  
.99 c r i t i c a l  v a l u e s  f rom t h e  t a b l e s  o b t a i n e d  from t h e  a c t u  1 
d i s t r i b u t i o n s  and  w i t h  t h e  c r i t i c a l  v a l u e s  t a k e n  f rom t h e  
and  & t a b l e s ,  which are d e n o t e d  by X:ol a n d  XTg9 4 





1 .40  
1.10 
1 .56  
1 . 9 1  
2 .SO 
2 .30  
3 .62  
2 .46  
4 .53  
5.20 
5.42 














2 .45  
3.96 





6 . 7 1  
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2 .20  
5.62 
2.92 
3 .97  
3 .44  
6 .17  
5.85 
8.18 
7 .53  
9 .10  
9 .55  
16 .38  
11 .29  
16 .11  
11.94 









2 .19  
5 .63  
2 .92  
3 .97  
2 .40  
6 .15  
5 .85  
8 . 2 0  
7.56 
9 . 1 3  
9 .58  
16 .35  
11.28 
16 .06  
11 .90  
16 .40  
11 .67  
21.08 
16 .65  
28.09 
22.27 
35 .69  
1 . 6 6  
3.77 
7.88 
9 .04  
4 . 7 1  
9 .76  
8 .04  
8.83 
9 .25  
17 .26  
11.33 
17 .96  
17 .30  
20.28 
17.38 
27 .95  
22.04 






46 .21  
1 .64  
3.74 
7 .86  
9 .02  
4 . 7 1  
9.74 
8.03 
8 .80  
9 .27  
17 .20  
11.34 
17 .97  
17.29 
20.25 
17 .36  









I .  
I 
TABLE I 
Critical Values f o r  the Truncated Distributions 
as Functions of the Truncation Points a and b 
f o r  o( = 1 and N = 2 ,  3 ,  5 ,  and 10 
N = 2  
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1 .60  
2 .40  
. 9 1  
1 . 2 0  
1 .60  
2.40 
. 9 1  
1 . 2 0  
1 .60  
2 .40  
.91  
1.20 
1 .60  
2.40 
. 9 1  
1.20 
1 . 6 0  
2 .40  
.91  
1 .20  
1.60 
2.40 
1 .60  
2 .40  
1 .20  
2 .40  
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1.20 
1 .60  
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TABLE I 1  
Critical Values f o r  the Truncated Distributions as 
Functions of the Truncation Points a and b f o r  
N = 2 and W = 2 ,3 ,4 ,5 ,6 ,7 ,8 ,9 ,10 ,15 ,  and 20. 
4 = 2  
- a b .01 .05 .95 * 99 
.54 2 -06  1.2969 1.5478 3.5613 3.8584 
.54 2.45 1.3346 1.6286 4.1264 4.5268 
.54 3.04 1.3769 1.7197 4.8955 5.4803 
.54 3.96 1.4165 1.8058 5.8863 6.7870 
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I .  
I 
I .  









1 .40  
1 .40  
1 .40  
1 .40  
1 .07  
1 . 0 7  
1 . 0 7  
1 .07  
1 . 5 6  
1 . 5 6  
1 .56  
1 .56  
1 . 9 1  
1 . 9 1  
1 . 9 1  
1 . 9 1  
2 .28  
2 . 2 8  
2 .28  
2 . 2 8  
1 .80  
1.80 
1 .80  
1 .80  
2 .30  
2.30 
2 .30  
2 .30  
2.06 
2 .45  
3.04 
3.96 
2 .06  




2 . 4 5  
3.04 
3 .96  
3.12 
3.64 




4 .33  
5 .37  
3.12 
3.64 
4 . 3 3  
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3.64 
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T a b l e  I1 c o n t i n u e d .  
2 .80  
2.80 
2.80 










3 .62  
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3.62 
4 . 2 1  





3 . 9 1  
3 . 9 1  
3 . 9 1  
3 . 9 1  
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6 .80  
5.29 
5.86 
6 . 7 1  
8 . 0 5  
5 .29  
5.86 
6 . 7 1  
8 . 0 5  
5.86 
6 . 7 1  
8 .05  
6 . 7 1  
8 . 0 5  
6.50 
7 . 0 3  
7 .88  
9 . 3 1  
6 .50  
7 .03  
7 .88  
9 . 3 1  
7 .03  
7 .88  
9 . 3 1  
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9 . 3 1  
7.30 
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Table I1 con t inued .  
4 .75  
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6 . 2 1  
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4.67 
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9 .05  
10.58 
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10.58 
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10 .21  
11.88 
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Table  I1 cont inued .  
6 .33  
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Tab le  I1 Continued. 
17.44 22.05 35.5286 36.3084 42.4895 43.3553 
46.2054 17.44 23.70 35.6985 36.6802 44.9163 
17.44 25.94 35.8540 37.0214 47.7344 49.7209 
18.90 23.70 38.3799 39.1026 45.4983 46.4979 
18.90 25.94 38.5319 39.4491 48.4544 50.1298 
TABLE I11 
C r i t i c a l  Values for t h e  Trunca ted  D i s t r i b u t i o n s  a s  
Func t ions  of t h e  Trunca t ion  P o i n t s  a and b for 
N = 3 and a( = 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 ,  and 10 
d =  2 









1 . 1 0  
1.10 
1.10 
1 .10  
1 .40  
1 . 4 0  
1 .40  
1 .07  
1 .07  
1 .07  
1 . 0 7  
1 .56  
1 .56  
1 .56  
1 . 5 6  
1 . 9 1  
1 . 9 1  
1 . 9 1  
1 . 9 1  
2.06 
2 .45  
3.04 
3 .96  
2.06 
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Table  111 C o n t i n u e d .  
5 .60 




6 .36  
6 .36  
6 .36  
6 .95  
6 . 9 5  
6 . 9 5  
6 . 9 5  
5.40 
5.40 





6 .42  
7.20 
7 .20  
7.20 
7 .20  
7 .98  
7 .98  
7.98 
7 .98  
6 .33  
6 .33  




7 .27  
7 .27  
42 
8 . 3 5  
9 .25  
1 0 . 2 1  
11.88 
8 .35  
9 .25  
1 0 . 2 1  
11.88 
8 .35  
9 . 2 5  
1 0 . 2 1  
11.88 
9 .45  
10 - 2 9  
1 1 . 4 0  
12.90 
9 . 4 5  
10.29 




1 1 . 4 0  
12.90 










12 .65  

























































































































































8 .13  
8.13 
8 .96  
8 .96  
8.96 
8 .96  
a 
I11 Continued. 
10.56 25.3357 25.9958 29.9878 30.6730 
11.38 25.6039 26.4542 31.7481 32.6900 
12.65 25.9348 27.0268 34.2428 35.6149 
14.23 26.2081 27.5078 36.8658 38.7987 
10.56 27.4828 27.9141 30.5593 31.0157 
11.38 27.7503 28.3787 32.3533 33.0635 
12.65 28.0837 28.9669 34.9211 36.0578 
14.23 28.3619 29.4679 37.6561 39.3561 
TABLE IV 
T a b l e s  of p , ~ ,  Pl, and p2  for N = 5 
and * =  2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 ,  and 10 













l . 4 0  
1 . 4 0  
1 .40  
1 .40  
1 .07  
1 .07  
1 .07  
1 .07  
1 .56  
1 .56  
1 .56  
1 . 5 6  
2.06 








2 . 4 5  
3.04 
3.96 
2 .06  





























































































































































































































































































































































































































F3 < 0 * 
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T a b l e s  of p ,  5 , P, and P2 
and s'= 2 , 3 , 4 ,  and 5 
N = 10 
w b a b @ 
for N = 
p1 
10 











1 .10  
1 .10  
1.40 







1 .56  
1 .56  
1.56 
1.56 
1 . 9 1  
1 . 9 1  
1 . 9 1  
1 . 9 1  
2 .28  












2 .45  2 
3.04 2 
3 .96  2 
2.06 2 
2 .45  2 
3.04 2 
3.96 2 
3 .12  3 
3.64 3 
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.91 1 6.8584 .8804 
1.20 1 8.3685 1.1836 
1.60 1 10.1474 1.5787 
.91 1 7.8845 .7624 
1.20 1 9.4683 1.0700 
1.60 1 11.3418 1.4731 
2.40 1 14.1324 2.1810 
.91 1 9.2373 .5994 
1.20 1 10.9236 .9123 
1.60 1 12.9299 1.3252 
2.40 1 15.9462 2.0594 
.91 1 10.4505 .4454 
1.20 1 12.2345 .7624 
1.60 1 14.3685 1.1836 
2.40 1 17.6049 1.9411 
N = 15 
2.06 2 19.0348 1.6510 
2.45 2 21.2947 2.0512 
3.04 2 24.2030 2.6238 
3.96 2 27.5897 3.4089 
2.06 2 21.3133 1.3320 
2.45 2 23.6359 1.7432 
3.04 2 26.6543 2.3344 
3.96 2 30.2126 3.1517 
2.06 2 23.2971 1.0634 
2.45 2 25.6940 1.4821 
3.04 2 28.8346 2.0876 
3.96 2 32.5766 2.9324 
2.06 2 2 5.7240 .7374 
2.45 2 28.2330 1.1609 
3.04 2 31.5527 1.7822 
3.96 2 35.5620 2.6605 
3.12 3 31.4448 2.2111 
3.64 3 34.6106 2.7390 
4.33 3 38.1733 3.4018 
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